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Abstract 

In the recently proposed extension of the YM theory, non-Abehan tensor gauge 
field of the second rank is represented by a general tensor whose symmetric part de- 
scribes the propagation of charged gauge boson of helicity two and its antisymmetric 
part - the helicity zero charged gauge boson. On the non-interacting level these po- 
larizations are similar to the polarizations of the graviton and of the Abelian antisym- 
metric B field, but the interaction of these gauge bosons carrying non-commutative 
internal charges cannot be directly identified with the interaction of gravitons or B 
field. Our intention here is to illustrate this result from different perspectives which 
would include Bianchi identity for the corresponding field strength tensor and the 
analysis of the second-order partial differential equation which describes in this the- 
ory the propagation of non- Abelian tensor gauge field of the second rank. Analyzing 
the interaction between two tensor currents caused by the exchange of these tensor 
gauge bosons we shall demonstrate that the residue at the pole is the sum of three 
terms each of which describes positive norm polarizations of helicities two and zero 
bosons. 



1 Introduction 



An infinite tower of massive particles of liigli spin naturally appears in the spectrum of 
different string field theories [H [21 El O H] . From the point of view of quantum field theory, 
string field theories seem to contain an infinite number of nonrenormalizable interactions 
between these fields, which are represented in the string action by nonlocal cubic interaction 
terms containing an exponential of a quadratic form in the momenta [6l [7]. 

It is generally expected that in the tensionless limit or, what is equivalent, at high 
energy scattering [SI [9l [10] the string spectrum becomes effectively massless and it is of 
great importance to find out the corresponding action and its genuine symmetries [TTl [121 
[T31 [HI [151 [ISl [13 [IB] • On the quantum field theory language this should be a field theory 
with infinite many massless fields. 

In quantum field theory the Lagrangian formulation of free massless Abelian tensor 
gauge fields has been constructed in[T9l[20l[ai[22l[23l[2ai25l[26l[271[28l[^ The problem 
of introducing interactions appears to be much more complex and there has been important 
progress in defining self-interaction of higher-spin fields in the light-cone formalism and in 
the covariant formulation of the theories [30l[3ll[32l[33l[3l[35l[36l[3g[38l[39lll^ 

In this respect it is appealing to extend the gauge principle so that it will define the 
interaction of gauge fields which carry not only non- commutative internal charges, but also 
arbitrary spins. For that purpose it seems reasonable to define extended non- Abelian gauge 
transformations acting on charged tensor gauge fields and the corresponding field strength 
tensors, which will enable the construction of a gauge invariant Lagrangian quadratic in 
field strength tensors [13], as it is the case in the Yang-Mills theory [12]. The resulting 
gauge invariant Lagrangian will contain kinetic terms for higher-spin fields and will uniquely 
define their cubic and quartic interaction terms |l3l HH [15] . 

Here we shall follow the construction which is based on this direct extension of non- 
Abelian gauge transformations [131 [lH [151 [ISl [IZ] • Recall that non- Abelian gauge fields 
are defined as rank-(s+l) tensor gauge fields ^J^Ai 3 ^^'^ thai one can construct infinite 
series of forms Cg (s = 1,2, ..) and C[. (s = 2, 3, ..) which are invariant with respect to the 
gauge transformations. These forms are quadratic in the field strength tensors G^^^Ai a^- 



*Tensor gauge fields ^JJai As(^)i ^ = 0,1,2,... are totally symmetric with respect to the indices 
Ai...As. A priori the tensor fields have no symmetries with respect to the first index fi. In particular we 
have A^;, ^ Al^ and A^^^^ = A^^^^ ^ A^^^. The adjoint group index a ^ 1, ...,N^ - 1 for the SU{N) 
gauge group. 
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The construction of invariant forms is based on the fact that field strength tensors 
transform homogeneously with respect to the gauge transformations. Therefore the gauge 
invariant Lagrangian describing dynamical tensor gauge bosons of all ranks has the form 
I131I11I15] 

C = Ci + g2C2 + g'2C'^ + .... (1.1) 

where Ci is the Yang-Mills Lagrangian. This Lagrangian contains kinetic terms of the 
tensor gauge fields y4^,y4^;^, .. and nonlinear terms which describe their interactions, cubic 
and quartic interactions between lower- and higher-rank tensor gauge fields. For the lower- 
rank tensor gauge fields the Lagrangian has the following form [l3l HU H5] : 

-'-'1 ~ ^^^lU^/lU^ 

where generalized field strength tensors are: 

Gl, = d,Al-d,Al + gr'^ Al Al, 
^°iiv,\ = ^{t.^'lx ~ ^vA""^^ + gf°'^''{ A^^ Al^ + A^^^ A^ ), 

^%,xp = ^iJ-^vXp " (^i^^lxXp + 9f°''"^i A^^ Alxp + ^|1a "^tp + ^^-A + ^l.xp ^1 )■ 

In the present paper we shall focus our attention on the lower-rank tensor gauge field ^^^5 
which in this theory is a general nonsymmetric tensor with 4x4=16 space-time components 
(AJJ;^ 7^ and it would have d x d = d? components in the d-dimensional space-time)Q. 
It has been found that if g'2 = 92, then the quadratic part of the Lagrangian (11.21) . which 
defines the kinetic energy of the field A'^^^, has the following form 

.^F'^ Tp'^ _|_ ^ TP'^ _|_ ^ 

^ fiv,X pi',X ' ^ p,u,X pX,i> ' ^- 



rpa. rpa , j-ia rpa , j-ia j-ia /-i q\ 

— ~^ ^iv,X^ pu,X "T p.v,X^ pX,v "T p.v,v^ p.X,X} l-L.OJ 



where 

= d,Al, - d,A% (1.4) 

and describes the propagation of helicity-two and helicity-zero X = ±2, charged gauge 
bosons. This means that within the 16 fields of nonsymmetric tensor gauge field A^;^ only 



^One should multiply these numbers by the dimension of the gauge group, N'^ — 1 in the case of SU{N). 



three positive norm polarizations are propagating and that the rest of them are pure gauge 
fields. On the non-interacting level, when we consider only the kinetic term (11. 3p of the 
full Lagrangian (11. ip . these polarizations are similar to the polarizations of the graviton 
and of the Abelian antisymmetric B field [HJ HHl [501 ED ES] , but the interaction of these 
gauge bosons carrying non-commutative internal charges is uniquely defined by the full 
Lagrangian (II. ip and cannot be directly identified with the interactions of gravitons or B 
field HSmilllS]. 

Our intention here is to illustrate this result from different perspectives which would 
include Bianchi identity for the field strength tensor F^^^^^ and the direct analysis of the 
second-order partial differential equation which describes in this theory the propagation of 
the free tensor gauge field A^^^^. This equation follows from the variation of the Lagrangian 
(II. Sp with respect to A^^ [l3lllllll5]. With this in mind we shall present a general method 
for counting the propagating modes in gauge field theories and apply it to the tensor gauge 
field theory in order to illustrate the fact that the second-rank tensor gauge field A^^.^ 
describes three polarizations A = ±2, of massless charged tensor gauge bosons. 

We shall see that the gauge invariance, together with the geometrical properties of the 
field strength tensor, poses strong restrictions on the divergences of the currents. Analyzing 
the interaction between two tensor currents caused by the exchange of these tensor gauge 
bosons we shall demonstrate that the residue at the pole is the sum of three terms each of 
which describes positive norm polarizations of helicities A = ±2, 0. 

2 Gauge Symmetries and Current Conservation 

Pure kinetic term of the Lagrangian (II. 2p . (11.30 . which describes the propagation of the 
tensor gauge field {A\ ^ A'^ ), has the following form [l3l HH HS]: 



and is invariant with respect to a pair of complementary gauge transformations 5 and 6. 
When the coupling constant g is taken to vanish, these gauge transformations reduce to 
the following form [l5]: 




fiu,X fiu,X 




(2.5) 



SA 




(2.6) 



and 



SA 



Ix = dxv: 



(2.7) 
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The field strength tensor Fl^^^^ (11.41) transforms with respect to these transformations as 
follows: 

5>;.,a = 5a(«-5.^^)- (2.8) 

Therefore the kinetic term /C is obviously invariant with respect to the first group of gauge 
transformations 6 and we have 61C = 0, but it is less trivial to see that it is also invariant 
with respect to the complementary gauge transformations 6. The 6 transformation of /C 
is 

Sic = -lF^^^,d,{dx - + - d,v;) + If^,.M9,vi - dxv;) = 

where we combined the first, the second and the forth terms and used the fact that the third 
term is identically equal to zero. Just from the symmetry properties of the field strength 
tensor it is not obvious to see why the rest of the terms are equal to zero. Therefore we 
shall use the explicit form of the field strength tensor , which gives 

From the corresponding action Sq = J ICdx after partial differentiation we shall get that the 
term S^A"^, ■ d\{d ^7]^^ — d\'q1j) gives a zero contribution and the rest of the terms cancel each 
other j{\{d^A1^ — dyA'^^^) ■ dxd^rjl^ — \dyA°^^ ■ d\{d^r]1 — d\r]1j))dx = 0. This demonstrates 
the invariance of the action with respect to the 5 and 5 transformations defined by (12. 6p 
and (I22D when g2 = g'2 in (O) [13]. 

Let us now consider the interaction of the tensor gauge field A^^^ with the current J^^, as 
it is defined by the Lagrangian (II. ip (J^^^ 7^ Ju^i)- order to see what type of restrictions 
are imposed on the current by the gauge symmetries of the action we shall consider the 
equation of motion which follows from the Lagrangian (II. ip ( see |l3],imil5] for details): 

5.^;.,A - lid,F;,^u + d,Fi^, + + Vuxd,F;j = (2.9) 

This equation contains two terms 9^F^^,a and -\{d^F'^^ ,^ + d^F^^^^ + dxF^^^^ + r]yxdt,F^p^p), 
which arise from C2 and £'2 respectively. The derivatives over of both terms in the 
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equation are equal to zero separately. Indeed, due to the antisymmetric properties of the 
field strength tensor under exchange of fi and u we have 

as well as 

Thus it follows from (12.91) that 

5. J,^ = 0. (2.10) 

Hence, the current J'^^^ must be diver genceless over its first index. Now let us take derivative 
over d\ of the left-hand side of the equation ( 12. 9p . that is, the derivative over the second 
index of the nonsymmetric current J";^. We see that 

as well as 

Thus, is not obvious to see the conservation of the nonsymmetric current J^^^ with respect 
to its second index A alone from the antisymmetric properties of the field strength tensor. 
Therefore we have to use the explicit form of the field strength tensor F^^ -^ = d^A'^y^—dyA'^^)^, 
this gives 

(^\(^iiF^u,\ - -^dx{d^Fl^x,u + (^^lFxy^^ + dxF'^^^^ + rjuxd^^Fl^p^p} = 



dxdf.F'^y )^ - -dxd^F^y^^ - -d'^F'^^^^ - -dyd^F'^p p 



;^dxd,{d,Al, - d.Al,) - ^-d\d,Al^ - d.A^J - ^d.d.id.A;^ - dpA^p) = 0. 
Therefore the sum of the two nonzero expressions presented above are equal to zero, thus 



dxJ^x = 0. (2.11) 

The natural question which arises here is connected with the fact that in order to see 
these cancellations one should use the explicit form of the field strength tensor F^^^, and 
it remains a mystery, why this takes place only when the relative coefficient between the 



invariant forms £2 and £2 is equal to one ((72 = 92 fll-ip ) [43]. Our main concern therefore 
is to understand the general reason for these cancellations without referring to the explicit 
form of the field strength tensor. As we shall see, the deep reason for this cancellations lies 
is the Bianchi identity (I5.52p . (15.531) for the field strength tensor 

^M^.A.p + 9,Fa^,p + 9aF^.,p = 0, (2.12) 

which we shall derive in the Appendix A. Indeed, we can evaluate the derivative of the 
l.h.s of the equation (12.91) to the following form: 

5a{9,f,.,, - ^(9,f;,_, + + 5af;,,, + ^.y.d,F;j} = (2.13) 

where we have used only the antisymmetric property of F^j^i^ x to cancel the second term 
and to combine the first one with the third one of the l.h.s of the above equation. Now, we 
shall take advantage of the Bianchi identity. Taking the derivative of the Bianchi identity 
(I2.12P over 9^ and setting z/ = p we get 

d^F^,^^ + d^d.F^p^p + d^dxF.x,^. = (2.14) 

and can clearly see that the last expression in (12.131) coincides with the left-hand side of this 
contracted Bianchi identity and is therefore equal to zero. Thus (12.111) holds - d\J^x — 0- 
In other words, if one repeats these calculations for arbitrary coefficients g2 and g'2 in 
the Lagrangian (II. ip g2jC2 + g'2^'2, then the last expression in parenthesis (12.130 will take 
the form 

+ d^d,F^p,p + (2 ^ - l)dpdxF,x,>.. 

92 

Comparing it with Bianchi identity (I2.14p one can see that it is equal to zero only if g2 = g'2 
and therefore only in that case (12. lip holds. 

It seems that this situation is similar to that in gravity, where both tensors -R^i, and 
g^uR have correct transformation properties and therefore can be present in the equation 
of motion [52] 

Rf.,^ - c g^,yR = T^u (2.15) 

with unknown coefficient c, but the Bianci identity — (l/2)i?.,^ = tells that the 
coefficient c should be taken equal to 1/2 [53] . 
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The total conservation of nonsymmetric (J°j, 7^ J"^) current fl2.10p and (12. lip 

d^Jt^ = 0, d^j:^ = 

is adequate to cast the theory unitary at free level. In the next section we shall present a 
general method for counting the propagating modes in gauge field theories and shall see 
how the gauge invariance guarantees the elimination of all negative-norm states. 

3 Counting Propagating Modes 

As we have seen above, the equation of motion (12. 9p which describes the propagation of 
the second-rank tensor gauge field (^4";^ 7^ ^a/() following fornix IH l H5]: 



d'F;,,x - \{d'F;^,u + d^Fl,, + ^a^;., ^ + V.xd^F^^^ ") = J,\, (3.16) 

where F^^^ = d^j^A^^ — d^A'^^^^ and is invariant with respect to a pair of complementary 
gauge transformations 5 (12. 6p and 5 (12.70 

- + d,Cx + dxv; (3.17) 

with arbitrary gauge parameters and r/^. The equivalent form of the equations of motion 
( I2l9|) in terms of the gauge field is [l3lliit Ii5] 

d\At, - ^At) - d^d^{A^^, - ^Al^) - d,d^{A:^ - \aI,) + dMAl " - \aI ^ + 

+ \]ux{d^d^Al^ - d'A; n = Jix- (3.18) 

In momentum space this type of second-order partial differential equations can always be 
represented as matrix equation of the following general form 

H^^-^^k) A^ = J^, (3.19) 

where H^^^^{k) is a matrix operator quadratic in momentum k^. In our case it has the 
following form HilliS] : 

1 1 



1 



"''The Lorentz indexes of the tensor fields are raised and lowered with flat metric Tj^i^ — (-1,1,1,1). 
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with the property that Had-y-y = H^^ad- First of all we shall solve the equation in the case 
when there are no interactions, J^^ = 0: 

H.d'\k) A;^ = 0. (3.21) 

The vector space of independent solutions A^^ of this system of equations crucially depends 
on the rank of the matrix H^^'^'^ik). If the matrix operator H has dimension dx d and its 
rank is rankH = r, then the vector space has the dimension 

J\f = d-r. 

Because the matrix operator H^^^^{k) explicitly depends on the momentum its rankH = 
r also depends on momenta and therefore the number of independent solutions J\f depends 
on momenta 

Afik) =d-r{k) . (3.22) 

Analyzing the rankH of the matrix operator H one can observe that it depends on the 
value of momentum square fc^. When /c^ 7^ - off mass-shell momenta - the vector space 
consists of pure gauge fields. When A;^ = - on mass-shell momenta - the vector space 
consists of pure gauge fields and propagating modes. Therefore the number of propagating 
modes can be calculated from the following relation: 

jl of propagating modes = A/'(/c)|fc2=o — A/'(/c) 1^2.^0 = rankH\k2^Q — rankH\k2=Q. (3.23) 

Before considering the equation of motion for the tensor gauge field fl3.2ip . let us consider 
for illustration some important examples. 

3.1 Vector Gauge Field 

The kinetic term of Lagrangian which describes the propagation of free vector gauge field 
is 

/C = -^F^.F^'' (3.24) 
and the corresponding equation of motion in momentum space is 

H^ ^e^ = i-eSl + k^k^)e^ = 0, (3.25) 
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where ^4^ = exp (ikx) . We can always choose the momentum vector in the third direction 
= [uj, 0, 0, k) and the matrix operator H takes the form 



-k^ -ku 



to^-P 

ku tu^ 



If uj"^ — k"^ ^ 0, the rank of the 4-dimensional matrix is rankH\^2_i^2-^Q = 3 and the 
number of independent solutions is 4-3=1. As one can see from the relation '^{k)k^ = 
this solution is proportional to the momentum e^ = k^ = (— cj, 0, 0, k) and is a pure-gauge 
field. This is a consequence of the gauge invariance of the theory — + ak^. If 
tu^ — /c^ = 0, then the rank of the matrix drops, rankH\^2_i.2^Q = 1, and the number of 
independent solutions increases: 4-1=3. These three solutions of equations f l3.25p are 



,{gauge) 



1 

71 



1 





,{2) 





1 






V 1 y 

from which the first one is a pure-gauge field (~ k^), while the remaining two are the 
physical modes, perpendicular to the direction of the wave propagation. The general 
solution at a;^ — /c^ = will be a linear combination of these three eigenvectors: 

= ak^ + cie^^^ + C2e^^\ 

where a, Ci, C2 are arbitrary constants. We see that the number of propagating modes is 

rankH\i^2_i.2^Q — rankH\^2_i.2^Q = 3 — 1 = 2, 

as it should be. 



3.2 Symmetric Tensor Gauge Field 

The free gravitational field is described in terms of a symmetric second-rank tensor field 
h^u and is governed by the Einstein and Pauli-Fierz equation: 



(3.26) 



which is invariant with respect to the gauge transformations 



Sh 



fj,\ 



(3.27) 



which preserve the symmetry properties of Ani,. The corresponding matrix operator is: 



-fffjQ.'y'y^fc) 2^i.Voi'yVoi'y ~^ Voi^Voi"/^}^ T]c(Qik^k-<f Tj^^kaka -\- 



(3.28) 



and is a 10 X 10 matrix in four-dimensional space-time with the property 



Haa-y-y = Hj^^d aud is prescutcd in Appendix B. 

If uo'^—k'^ 7^ 0, the rank of the 10-dimensional matrix H^^^^{k) is equal to rankH\^2_k2-^Q 
6 and the number of independent solutions is 10 — 6 = 4. These four symmetric solutions 
are pure-gauge tensor fields. Indeed, if again we choose the coordinate system so that 
k'^ = {uj, 0, 0, k), then one can find the following four linearly independent solutions: 

'^-cj2 000\ / -uj 0^ 

0000 -uj k 



A; 



"77 



V 





A;2 



V 



^ -cu ^ 



V 





-UJ k 
k 



( -2uj A; ^ 



V 





k 



(3.29) 



pure-gauge field solutions of the form fl3.27p e^^ 
relation 



A^^^-Y + A;^^7 as one can see from the 



H^^'\k){k,i^ + k^i,) = Q. 



(3.30) 



When uj'^—k'^ = 0, then the rank of the matrix Haa-yyik) drops and is equal to rankH\^2_j.2^Q 
4. This leaves us with 10 — 4 = 6 solutions. These are four pure-gauge solutions (I3.27P and 
two additional symmetric solutions representing propagating modes: the helicity states of 
the graviton 



"77 



^0 0^ 



10 
0-10 




(2) 
p ; 



'^O 0^ 



10 
10 




(3.31) 



10 



Thus the general solution of the equation on mass-shell is: 



where Ci,C2 are arbitrary constants. We see that the number of propagating modes is 



rankH\^2_j.2^Q — rankH\^2_j.2^Q = 6 — 4 = 2, 



as it should be. 



3.3 Antisymmetric Tensor Gauge Field 

The antisymmetric second-rank tensor field -B^;^ is governed by the equation [IHl HH], EQl [51] : 



d^B,^ - d^d^B^^ + dxd^B^, = 0, 



which is invariant with respect to the gauge transformations 



(3.32) 



(3.33) 



which preserve the symmetry properties of B^^j. The corresponding matrix operator is: 



H. 



{k) 



2 i^Voi'yVofy Vc^'yVoi'y)^ 



(3.34) 



and is 6 X 6 matrix in four- dimensional space-time with the property if, 



—Ha 



acL'yy 



HYiaa and is presented in Appendix B. 



If uj'^—k^ 7^ 0, the rank of the 6-dimensional matrix H^^'^^{k) is equal to rankH\^2_f.2^Q = 
3 and the number of independent solutions is 6 — 3 = 3. These three antisymmetric solu- 
tions are pure-gauge fields. Indeed, in the coordinate system k'^ = {uj, 0, 0, k) one can find 
the following three solutions: 



/ 



"77 



u 


-uj k 
-k 



I 



w 
-cj A; 

-/c 



^ '^ 1^ 





-10 



(3.35) 
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pure-gauge fields of tlie form fl3.33p e^^ = k^rj^ — k^r]^, as one can see from the relation 

Haa"'Hk){k^V^ - k^r]^) = 0. (3.36) 

When uj'^—k'^ = 0, then the rank of the matrix Haa-yyik) drops and is equal to rankH\^2_i.2^Q 
2. This leaves us with 6 — 2 = 4 solutions. These are three pure-gauge solutions fl3.33p and 
additional antisymmetric solution representing the propagating mode: the helicity zero 
state 

^0 0^ 



"77 



10 
0-100 




(3.37) 



Thus on mass-shell the general solution of the equation is: 
where C3 is arbitrary constant. We see that the number of propagating modes is 



"77 ' 



rankH\^2_f^2^Q — rankH\^2_f^2^Q = 3 — 2 = 1. 
After this parenthetic discussion we shall turn to the tensor gauge theory. 

3.4 Non-Abelian Tensor Gauge Field 



Now we are ready to consider the equation (13.211) for the tensor gauge field with the 
matrix operator (13.201) . which in four-dimensional space-time is a 16 x 16 matrix. In the 
reference frame, where k'^ = {u, 0, 0, k), it has the form presented in the Appendix B. 

If uj'^—k'^ 7^ 0, the rank of the 16- dimensional matrix H^^^^{k) is equal to rankH\i^2_}^2-/,Q 
9 and the number of linearly independent solutions is 16 — 9 = 7. These seven solutions 
are: 



--77 



^ -cj2 ^ 





A;2 y 



^ u 0^ 





A; 









A; 





A; 



12 



^ 0^ 



V 



00 k 





uj k 




pure-gauge tensor potentials of the form (13.1 7p 
as one can get convinced from the relation 



0^ 




A; 




(3.38) 



0, 



(3.39) 



(3.40) 



which follows from the gauge invariance of the action and can be checked also explicitly. 

When u"^ — k"^ = 0, then the rank of the matrix Haa-yy{k) drops and is equal to 
rankH\i^2_k2=Q = 6. This leaves us with 16 — 6 = 10 solutions. These are 7 solutions, 
the pure-gauge potentials (13.381) . (13.391) and new three solutions representing propagating 
modes: 



"77 



^ 0^ 



0-100 
10 




(2) 
p , 



^0 0^ 



10 
10 




^0 0^ 



10 
0-100 




(3.41) 



Thus the general solution of the equation on mass-shell is: 



"77 



(3.42) 



where Ci,C2,C3 are arbitrary constants. We see that the number of propagating modes is 
three 

rank}i\^2_^2^Q — rankH\^2_i.2^Q = 9 — 6 = 3. 

These are propagating modes of helicity-two and helicity-zero X = ±2, charged gauge 
bosons B3l HH Us] . Indeed, if we make a rotation around the z-axis 



10 

cos^^ — sin^^ 

sin 6' cos^^ 

1 



13 



we shall get 





- COS 26 - sin 26 
-sin 20 cos 20 




3(2)' = Ae(2)A^ 





- sin 20 cos 20 

cos 20 sin 20 





Therefore the first two solutions describe helicity A = ±2 states. On the other hand, the 
third, antisymmetric solution remains invariant under a Lorentz transformation, therefore 
it describes helicity-zero state. 

This result can also be derived from the consideration of the equations of motion for 
the symmetric and antisymmetric parts of the tensor gauge field as it was done in 

HH Us]. Indeed, one can observe that for the symmetric part of the tensor gauge fields 
A^^ the equation reduces to the previously studied free equation in gravity fl3.26p . which 
describes the propagation of massless tensor gauge bosons with two physical polarizations: 
the A = ±2 helicity states. For the antisymmetric part of the tensor gauge fields A'^^ the 
equation reduces to the equation (13.331) which describes the propagation of massless boson 
with one physical polarization: the A = helicity state. 

4 Interaction of Currents 

The interaction amplitude between two tensor currents caused by the exchange of these 
tensor gauge bosons can be found from fl3.16p . fl3.18p and (13.190 and has the following form 

El 



4 J^p 



where the propagator A^^,^^ is 



6' 



ah 



therefore 



1 



t' AAtAi/p J _ j' 

-'^A ^ -Jup •Jp,\ , ,2 _ p 2^ - P 



jpx _ 1 y p 



We shall evaluate the first term in the interaction amplitude. This gives 
1 1 



J, 



jpX 



P^ U^ZTJ^ ~ ^2 _ ^2 {"'oO-^OO — -'01 -'01 — -'02-'02 — -'03-'03 " -'iQ-'lO " -'20-'20 " -'SO^'SO 

+ JllJu + J22J22 + ^33^33 + J12J12 + J21J2I + ^13<^13 + "^31 "^31 + ^23^23 + ^32'^32}- 



Jm Jn 



(4.43) 

(4.44) 
(4.45) 

Jon J 3i 
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Taking k^^ = {u, 0, 0, k) and using the conservation of the current fl2.10p expressed in the 
momentum space 



k^JfiX = 0, ujJox = -k J3A 

we shall get 

1 ijJ^ ijJ^ UJ^ UJ^ 

■[(1 " Tt)-^00'^0 - (1 - T2 )'^l'^01 ~ (1 ~ lz)-Jo2-Jo2 - (1 - TT)>^3>A)3 



Aj Ay Aj rv fh 



~JiqJiO ~ <^20'^20 + <^11<^11 + J22J22 + J12J12 + <^21>^21 + <^13<^13 + <^23'^23] 

Now using the second conservation law (12. lip in momentum space 

k^J^iX = 0, ^^J^jlq = —k J^3 



we arrive at 

^2 _ p ~ "P")^00^00 - (1 - p-)^l-^01 - (1 - -^)JQ2-h2 - 

ijj^ UJ^ ijj^ 

~ "P")'^iO'^io - (1 - -g^)J2oJ2Q - (1 - -p-)(-p-)^o-''oo] + 

H 5 pjl'^ll'^ll + J22J22 + J12J12 + -'21'^2l] 

and after simple algebra at 

1 u;^ / 

~ p ~ "p")'^oo-'oo - JoiJm - JmJo2 - JiqJiq - </20'^2o] + 

~^~72 ^['^ll'^ll ~^ ^22^^22 + J12J12 + ^21^21]- 



Evaluating the second term in the interaction amplitude fl4.44p in the same manner as 
above, we shall finally get for the total amplitude: 

- p ~ "p")'^oo-'oo - JoiJm - JmJo2 - JiqJiq - -^20-^20] + 

+ ,.2 ^ - - ^22) + ^^l2 + 4^21]. (4.46) 



For the instantaneous term we get 



1 a;^ / 

^[(1 - "p")'^oo'^o - JoiJm - J02J02 - JiqJw - -^20'^2o] (4.47) 



and for the retarded term (J12 7^ J21' 



^ 'i(^n- 4) (^11 -^22) + 4^12 + 4^21]. (4.48) 



tc;2 - A;2^2 
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The retarded term represents a sum of three independent products 

+ ^[-^n - J'22 + i{j'i2 + j'2i)][Jii - J22 - i{Ji2 + ^21)] + 

+ - j'22 - Kj'u + j'2lWu - J22 + i{Jl2 + J21)] + 

+ (4.49) 

or polarizations corresponding to the hehcities A = ±2, 0. Thus all negative- norm states 
are excluded from the spectrum of the second-rank tensor gauge field A^a, due to the gauge 
invariance of the theory and we come to the conclusion that the theory does indeed respect 
unitarity at the free level. 

5 Appendix A. Bianchi identity 

The non-Abelian tensor fields ^^^i As '^^^ t)e seen as appearing in the expansion of the 
extended gauge field A^{x, e) over the unit tangent vector ex [l3l HH H5] : 

00 

^^(x,e) = Et7 ^mAi...a.W ^"eA,...eA.. 

s=0 

and the extended field strength tensor can be defined in terms of the extended gauge field 
X, 6^ cLS follows: 

G^u{x,e) = d^Au{x,e) - duA^{x,e) - ig[A^{x, e) , Au{x, e)]. 
Defining the extended covariant derivative: = — igA^, one can get [15]: 

[P^, Vy] = [d^ - igA^, - igAy] = -igG^^- (5.50) 
The operators Vfj,,Vy,V\ obey Jacobi identity: 

[V^, [V,, Vx]] + [Dy, [Dx, V^]] + [Dx, [D^, Vy\] = 0, 
which with the aid of (15.501) is transformed into the generalized Bianchi identity 

[D^, Gyx] + [Vy, Gx^,] + [Vx, g^u] = 0. (5.51) 
Let us now expand equation ( ]5.5ip over Cp up to linear terms. We have, 

[d^ - igAp - igA^pC^', Gyx + Gyx^pe^] + cyc.perm. + O(e^) = 

16 



In zero order the above equation gives the standard Bianchi identity in YM theory: 

[D^, G.a] + [D,, Gx^] + [Da, G^.] = 0, 

where = — ig^n- The hnear term in Cp gives: 

[Dp, G^xJ -ig[App, G^x] + [D^,, Ga^J -i9[Aup, Gxy\ + [Dx, Gp^A -ig[Axp, Gp^] = (5.52) 

Using exphcit form of the operators Dp, Gp^, and Gp^^x one can independently check the 
last identity and get convinced that it holds. Now, if we expand the above equation over 
g, the zeroth order gives the Bianchi identity for the field strength tensor F,^x,p'- 

dpF,x,p + d,Fxp,p + dxFp^^p = (5.53) 

These equations impose tight restrictions on the source currents and hence on the nature 
of interactions. 

6 Appendix B 

The matrix operator in gravity (13.281) is of dimension 10 x 10 and has the following form 















-e 








-e 
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kw 
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kw 








kw 
















—kw 











k"^ — w"^ 
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+ w^) 

















kw 
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w^ 
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—kw k'^ 
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kw 
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(6.54) 
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and for antisymmetric tensor field fl3.34p it is of dimension 6x6 



-hi 

2 











kw 
2 








2 











kw 
2 


























i( 


+ ^2) 








kw 
2 











2 








kw 
2 











2 

w^ 
2 ■ 



(6.55) 



The matrix operator for non-Abelian tensor gauge theory fl3.20p is of dimension 16 x 16 
and has the following explicit form: 























i(fc 



1 ,..2 _ , .2, 







feLj 



(6.56) 







1/1.2 _ ,.,2, 



-fc'= + 6 











1/1.2 _ ...2, 











fcw 











and allows to calculate its rank as a function of momenta. 
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